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Abstract 

We discuss the role of additive polynomials and p-polynomials in the theory of valued fields 
of positive characteristic and in their model theory. We outline the basic properties of rings 
of additive polynomials and discuss properties of valued fields of positive characteristic as 
modules over such rings. We prove the existence of Frobenius-closed bases of algebraic 
function fields F\K in one variable and deduce that F/K is a free module over the ring of 
additive polynomials with coefficients in K. Finally, we prove that every minimal purely 
wild extension of a henselian valued field is generated by a p-polynomial. 

1 Introduction 

This paper is to some extent a continuation of my introductive and programmatic paper 
[Ku3] . In that paper I pointed out that the ramification theoretical defect of finite exten- 
sions of valued fields is responsible for the problems we have when we deal with the model 
theory of valued fields, or try to prove local uniformization in positive characteristic. 

In the present paper I will discuss the connection between the defect and additive 
polynomials. I will state and prove basic facts about additive polynomials and then treat 



*This paper was written while I was a guest of the Equipe Geometric et Dynamique, Institut 
Mathematiques de Jussieu, Paris, and of the Equipe Algebre-Geometrie at the University of Versailles. 
I gratefully acknowledge their hospitality and support. I was also partially supported by a Canadian 
NSERC grant and by a sabbatical grant from the University of Saskatchewan. Furthermore I am en- 
debted to the organizers of the conference in Teheran and the members of the IPM and all our friends in 
Iran for their hospitality and support. I also thank Peter Roquette, Florian Pop and Philip Rothmaler 
for their helpful suggestions and inspiring discussions, and the two referees for their careful reading of 
the paper, their corrections and numerous useful suggestions. The final revision of this paper was done 
during my stay at the Newton Institute at Cambridge; I gratefully acknowledge its support. 



1 



several instances where they enter the theory of valued fields in an essential way that is 
particularly interesting for model theorists and algebraic geometers. I will show that non- 
commutative structures (skew polynomial rings) play an essential role in the structure 
theory of valued fields in positive characteristic. Further, I will state the main open 
questions. I will also include some exercises. 

In the next section, 1 will give an introduction to additive polynomials and describe 
the reasons for their importance in the model theory of valued fields. For the convenience 
of the reader, I outline the characterizations of additive polynomials in Section 3 and the 
basic properties of rings of additive polynomials in Section 4. For more information on 
additive polynomials, the reader may consult [Go]. The remaining sections of this paper 
will then be devoted to the proofs of some of the main theorems stated in Section 2. 

2 Reasons for the importance of additive polynomi- 
als in the model theory of valued fields 

A polynomial / e K[X] is called additive if 

f(a + b) = f(a) + m (1) 

for all elements a, b in every extension field L of K, that is, if the mapping induced by / 
on L is an endomorphism of the additive group {L,+). If X is infinite, then / is additive 
already when condition (1) is satisfied for all a,b E K: see part b) of Corollary 23 in 
Section 3. 

It follows from the definition that an additive polynomial cannot have a non-zero 
constant term. If the characteristic char K is zero, then the only additive polynomials 
over K are of the form cX with c & K. If char K — p > 0, then the mapping a i-)- is 
an endomorphism of K, called the Frobenius. Therefore, the polynomial is additive 
over any field of characteristic p. Another famous and important additive polynomial is 
p{X) := X^ — X, the additive Artin-Schreier polynomial. An extension of a field K 
of characteristic p generated by a root of a polynomial of the form X^ — X — c with c E K 
is called an Artin-Schreier extension. We will see later that Artin-Schreier extensions 
play an important role in the theory of fields in characteristic p. 

Note that there are polynomials defined over a finite field which are not additive, but 
satisfy the condition for all elements coming from that field. For example, we know that 
oP = a and thus aP^^ — = for all a G Fp . Hence, the polynomial g{X) := X^"*"^ — X"^ 
satisfies g{a + b) = = g{a) + g(b) for all a, 6 G Fp . But it is not an additive polynomial. 
To show this, let us take an element ■& in the algebraic closure of Fp such that d'^ — ■& — 1. 
Then ^(^9) = ^9(^9^ -'&)='&. On the other hand, g{'d + l) = {^ + + 1)p - {d + 1)) = 
{•d + l){'d'P + P — -(9 — l)='i?+l7^'i? = giyiD) + g{l). Hence, already on the extension field 
Fp('t?), the polynomial g does not satisfy the additivity condition. 
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The following well known theorem gives a very useful characterization of additive 
polynomials. I will present a proof in Section 3. 

Theorem 1 Let p be the characteristic exponent of K (i.e., p = char K if this is positive, 
and p — 1 otherwise). Take f e Then f is additive if and only if it is of the form 

m 

f{x) = Y^CiXP' withaeK . (2) 

Assume that char K = p > 0. Then as a mapping on K, is equal to the Frobcnius 

2 

endomorphism (p. Similarly, X^ is equal to the composition of (p with itself, written as 
</7^, and by induction, we can replace 2 by every integer n. On the other hand, the mono- 
mial X induces the identity mapping, which we may write as (p^. Note that addition and 
composition of additive mappings on {K, +) give again additive mappings (in particular, 
addition of additive polynomials gives additive polynomials). It remains to interpret the 
coefficients of additive polynomials as mappings. This is easily done by viewing as a 
vector space: the mapping c- induced by c e X is given by multiplication a ^ ca, and 
it is an automorphism of (if, +) if c 7^ 0. So cX^" as a mapping is the composition of 
ip"' with c- . We will write this composition as c(/9". Adding these monomials generates 
new additive mappings of the form I]^o'^«V'*' ^^'^ addition of such mappings gives again 
additive mappings of this form. Composition of such additive mappings generates again 
additive mappings, and the reader may compute that they can again be written in the 
above form. In this way, we are naturally led to considering the ring K[(p] of all poly- 
nomials in (f over K, where multiplication is given by composition. From the above we 
sec that this ring is a subring of the endomorphism ring of the additive group of K. The 
correspondence that we have worked out now reads as 

m m 

Y^CiXP' ^ ^Q(^^eir[99] (3) 

i=0 i=0 

which means that both expressions describe the same additive mapping on K. For in- 
stance, the additive Artin-Schreier polynomial X^ — X corresponds to cp — 1 . Through 
the above correspondence, the ring K[(p>] may be considered as the ring of additive 
polynomials over K. Note that this ring is not commutative; in fact, we have 

(pc — (f(p for all c e X . 

This shows that assigning ip z induces an isomorphism of K[ip] onto the skew polyno- 
mial ring K[z; ip]. But we will keep the notation "^[y?]" since it is simpler. 

Let me state some basic properties of the ring K[(p]. For more information, I recom- 
mend the comprehensive book "Free rings and their relations" by P. M. Cohn ([CI], [C2]). 
Let i? be a ring with 1 7^ 0. Equipped with a function deg : i?\{0}— >NU{0}, the ring 
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R is called left euclidean if for all elements s,s' & R, s ^ 0, there exist q,r & R such 
that 

s' = qs + r with r = or deg r < deg s , 

and it is called right euclidean if the same holds with "s' = sq + r" in the place of 
"s' — qs + r". (Usually, the function deg is extended to by setting degO = — oo.) For 
example, polynomial rings over fields equipped with the usual degree function are both- 
sided euclidean rings. Further, an integral domain R is called a left principal ideal 
domain if every left ideal in R is principal (and analogously for "right" in the place of 
"left"). I leave it to the reader to show that every left (or right) euclidean integral domain 
is a left (or right) principal ideal domain. Finally, an integral domain R is called a left 
Ore domain if 

RrnRsy^ {0} for al\r,s e R\ {0} , 

and it is called a right Ore domain ii rRf] sR {0} for all r, s G i? \ {0}. Every left 
(or right) Ore domain can be embedded into a skew field (cf. [CI], §0.8, Corollary 8.7). 
The reader may prove that a left (or right) principal ideal domain is a left (or right) Ore 
domain. 

The ring K[i^] may be equipped with a degree function which satisfies deg — — oo and 
deg Z^^o Ci(p^ = mif Cm ^ 0- This degree function is a homomorphism of the multiplicative 
monoid of K[(p] \ {0} onto N U {0} since it satisfies deg rs = degr + degs. In particular, 
this shows that K[(f>] is an integral domain. The following theorem is due to O. Ore [02]; 
I will give a proof in Section 4. 

Theorem 2 The ring K[ip] is a left euclidean integral domain and thus also a left prin- 
cipal ideal domain and a left Ore domain. It is right euclidean if and only if K is perfect; 
if K is not perfect, then K[(p\ is not even right Ore. 

Example 1 Let Fp denote the field with p elements. The ring Fp[(y9] is a both-sided 
euclidean integral domain, and every field K of characteristic p is a left Fp[(/9]-module and 
a left i^'[99]-modulc, where the action oi ip on K is just the application of the Frobenius 
endomorphism. K is perfect if and only if every element of K is divisible by the ring 
element But this does not imply that X is a divisible Fp[(^]- or i<'[(^]-module. For 
instance, if K admits non-trivial Artin-Schreier extensions, that is, \i K ^ — 
[if — 1)K^ then there are elements in K which are not divisible by (/? — 1. On the other 
hand, i^' is a divisible Fp [(/?]- and fr[iy9]-module if K is algebraically closed. 

Observe that K is not torsion free as an Fp[99]- or i^[99]-module. Indeed, K contains 
Fp which satisfies 

((^-l)Fp = {0}. 
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Example 2 The power series field K := Fp((t)) = {EZNCit' \ N e Z , c, e K} (also 
called "field of formal Laurent series over Fp") is not perfect, since t does not admit a 
p-th root in K. Hence, the ring K[ip] is not right Ore. X is a left X[y?]-module. <0> 

In Section 4, Remark 24, 1 will collect a few properties of the rings K[ip] that follow 
from Theorem 2, and describe what happens if K is not perfect. We will see that in 
that case the structure of i^T [9?] -modules becomes comphcated. It seems that the "bad" 
properties of K[(f\, for K non-perfect, are symptomatic for the problems algebraists and 
model theorists have with non-perfect valued fields in positive characteristic. Let me 
discuss the most prominent of such non-perfect valued fields. 

The field ¥p{{t)) carries a canonical valuation vt , called the t-adic valuation. It is 
given by VtYj°lj^ CiV = N ii and VfO — 00. {¥p{{t)),Vt) is a complete discretely 

valued field, with value group Vt¥p{{t)) — Z (that is what "discretely valued" means) and 
residue field ¥p[(t))vt = Fp . At the first glance, such fields may appear to be the best 
known objects in valuation theory. Nevertheless, the following prominent questions about 
the elementary theory Th(Fp((t)), Vj) are still unanswered: 

Open Problem 1 Is the elementary theory of the valued field Fp((t)) model complete? 
Does it admit quantifier elimination in some natural language? Is it decidable? If yes, 
what would be a complete recursive axiomatization? 

The corresponding problem for the p-adics was solved in the mid 1960s independently 
by Ax and Kochen [A-K] and by Ershov [E] . Since then, the above problem has been well 
known to model-theoretic algebraists, but resisted all their attacks. 

Encouraged by the similarities between ¥p{{t)) and the field Qp of p-adic numbers, 
one might try to give a complete axiomatization for Th{¥ p{{t)),Vt) by adapting the well 
known axioms for Th(Qp,i>p). They express that {Qp,Vp) has the following elementary 
properties: 

• It is a henselian valued field of characteristic 0. A valued field {K, v) is called henselian 
if it satisfies Hensel's Lemma: If f is a polynomial with coefficients in the valuation ring 
O of V and if b E O such that vf{b) > while vf'{b) = 0, then there is some a E O 
such that f{a) — and v{a — b) > 0. This holds if and only if the extension of v to the 
algebraic closure of K is unique. 

• Its value group a Z-group, i.e., an ordered abelian group elementarily equivalent to Z. 

• Its residue field is ¥p . 

• Vpp is equal to 1 (= the smallest positive element in the value group). 

The last condition is not relevant for ¥p({t)) since there, p • 1 = 0. Nevertheless, we 
may add a constant name t to £ so that one can express by an elementary sentence that 
vtt = 1. 

A naive adaptation would just replace "characteristic 0" by "characteristic p" and p 
by t. But there is an elementary property of valued fields that is satisfied by all valued 
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fields of residue cliar act eristic and all formally p-adic fields, but not by all valued fields 
in general. It is the property of being defectless. A valued field {K, v) is called defectless 
if for every finite extension L\K, equality holds in the fundamental inequality 

g 

n > J2 ^i^i ' (4) 

i=l 

where n — [L : K] is the degree of the extension, vi, . . . ,Vg are the distinct extensions of 
V from K to L, ej = {viL : vK) are the respective ramification indices, and fj = [Lvi : Kv] 
are the respective inertia degrees. (Note that g = 1 if {K, v) is henselian.) There is a simple 
example, due to F. K. Schmidt, which shows that there is a henselian discretely valued 
field of positive characteristic which is not defectless (cf. [Ri], Exemple 1, p. 244). This 
field has a finite purely inseparable extension with non-trivial defect. But defect does not 
only appear in purely inseparable extensions: there is an example, due to A. Ostrowski, of 
a complete valued field admitting a finite separable extension with non-trivial defect (cf. 
[Ri], Exemple 2, p. 246). These and several other examples of extensions with non-trivial 
defect of various types can also be found in [Kul2] (see also [Ku8]). 

However, each power series field with its canonical valuation is henselian and defectless 
(cf. [Kul2]). In particular, {¥p{{t)),Vt) is defectless. For a less naive adaptation of the 
axiom system of Q^, we will thus add "defectless" . We obtain the following axiom system 
in the language C{t) = £ U {t}: 

{K,v) is a henselian defectless valued field 

K is of characteristic p 
vK is a Z-group 

Kv = ¥p 

vt is the smallest positive element in vK . 

Let us note that also {¥p(t),Vt)^, the henselization of (¥p(t),Vt), satisfies these axioms. The 
henselization of a valued field {K, v) is a henselian algebraic extension which is minimal 
in the sense that it admits a (unique!) embedding over K in every henselian extension 
of {K,v). Henselizations exist for all valued fields, and they are separable extensions (cf. 
[Ri], Theoreme 2, p. 176). It is well known that {Wp{t),Vt)'^ is a defectless field, being 
the henselization of a global field (cf. [Ku9]). It is also well known that {¥p{t),Vt)'^ is 
existentially closed in {¥p{{t)),Vt) (sec below for the definition of this notion); this fact 
follows from work of Greenberg [Gre] and also from Theorem 2 of [Erl] (see also [Ku7] 
for some related information). But it is not known whether {¥p{{t)),Vt) is an elementary 
extension of {¥p{t),Vt)'^. 

It did not seem unlikely that axiom system (5) could be complete, until I proved in 
[Kul] (cf. [Ku4]): 

Theorem 3 The axiom system (5) is not complete. 



(5) 
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I will give an idea of the proof of this theorem in Section 2.3 below. It was inspired 
by an observation of Lou van den Dries. He had worked with a modified axiom system 
(with larger residue fields) and had found an elementary sentence which he was not able 
to deduce from that axiom system (as it turned out, that wasn't van den Dries' fault). 
This sentence was formulated using only addition, multiplication with the element t and 
application of the Frobenius, but no general multiplication. This led van den Dries to the 
question whether one could at least determine the model theory of Fp((t)) as a module 
which admits multiplication with t and application of the Frobenius, forgetting about 
general multiplication. But this means that we view ¥p{{t)) as a left ir[</?]-module, where 
the field K contains t and should be contained in Fp((i)). But then, K is not perfect, and 
therefore the structure of [(/?]- modules may be quite complicated. 

There is a common feeling that additive polynomials play a crucial role in the theory of 
valued fields of positive characteristic. So indeed, van den Dries' question may be the key 
to the model theory of Fp((i)) (but it could be as hard to solve as the original problem). 
In this paper, I will give some reasons for this common feeling, but also confront it with 
our present problem of understanding the notion of extremality. 

2.1 Reason #1: Kaplansky's hypothesis A 

For a valued field {K, v), we denote by vK its value group and by Kv its residue field. An 
extension [K, v) C {L, v) of valued fields is called immediate if the induced embeddings 
of vK in vL and of Kv in Lv are onto. Henselizations are immediate extensions (cf. [Ri], 
CoroUaire 1, p. 184). Wolfgang KruU [Kr] (see also [Gra]) proved that every valued field 
admits a maximal immediate extension. A natural and in fact very important question is 
whether this is unique up to (valuation preserving) isomorphism. This plays a role when 
one wishes to embed valued fields in power series fields. In his celebrated paper [Kal], 
Irving Kaplansky gave a criterion, called "hypothesis A", which guarantees uniqueness. 
(We will present it later.) Kaplansky then showed that a valued field {K, v) of positive 
characteristic having a cross-section and satisfying hypothesis A can be embedded in the 
power series field Kv{(vK)) over its residue field Kv with exponents in its value group 
vK. Kaplansky also gives examples which show that this may fail if hypothesis A is 
not satisfied. In this case, there are maximal fields (= valued fields not admitting any 
proper immediate extensions) which do not have the form of a power series field (not even 
if one allows factor systems). 

If we are considering an elementary class of valued fields satisfying hypothesis A (which 
can be expressed by a recursive scheme of elementary sentences in the language of valued 
rings), then the uniqueness of maximal immediate extensions can be fruitfully used in 
the proof of model theoretic properties. Let us give the example of algebraically maximal 
Kaplansky fields. A valued field is called algebraically mctximal if it does not admit 
any proper immediate algebraic extension. It is called a Kaplansky field if it satisfies 
hypothesis A. The following theorem is due to Ershov [Erl] and, independently, Ziegler 
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[Zi]. 

Theorem 4 The elementary theory of an algebraically maximal Kaplansky field is com- 
pletely determined by the elementary theory of its value group and the elementary theory 
of its residue field. 

In other words, algebraically maximal Kaplansky fields satisfy the following Ax— 
Kochen— Ershov principle: 

vK = vL A Kv = Lv ^ {K,v) = {L,v) (6) 

where the first elementary equivalence is in the language of ordered groups, the second 
in the language of rings and the third in the language of valued rings. In the case of 
{K,v) C (L,v) there is also a version of the Ax-Kochen-Ershov principle with "=" 
replaced by (elementary extension). In the same situation, there is also the more 
basic version 

vK -<3 vL A Kv -<3 Lv {K,v) -<3 {L,v) (7) 

where "^3" means "existentially closed in" , that is, every existential elementary sen- 
tence which holds in the upper structure also holds in the lower structure. In fact, it has 
turned out that proving this version is the essential step in proving Ax-Kochen-Ershov 
principles and other model theoretic results about valued fields; the further results then 
often follow by general model theoretic arguments (the reader should think of Robinson's 
Test). 

Hypothesis A implicitly talks about additive polynomials. Following Kaplansky [Ka2], 
we will call a polynomial / G K[X] a p-polynomial if it is of the form 

f{X) = A{X) + c, (8) 

where A G K[X] is an additive polynomial, and c is a constant in K. A field K of 
characteristic p > will be called p-closed if every p-polynomial in K[X] has a root in 
K. That is, 

K is p-closed if and only if it is a divisible K[(p]-module. 

In particular, every p-closed field is perfect. 

Now hypothesis A for a valued field {K, v) with char Kv = p > reads as follows: 
(Al) the value group vK is p-divisible, and 
(A2) the residue field Kv is p-closed. 

For valued fields {K,v) with char Kv = 0, hypothesis A is empty. The condition of a field 
to be p-closed seemed obscure at the time of Kaplansky's paper. But we have learned 
to understand this condition better. The following theorem was first proved by Whaples 
in [Wh2], using the cohomology theory of additive polynomials. A more elementary 
proof was later given in [Del]. Then Kaplansky gave a short and elegant proof in his 
"Afterthought: Maximal Fields with Valuation" ([Ka2]). We will reproduce this proof in 
Section 9. 
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Theorem 5 A field K of characteristic p > is p-closed if and only if it does not admit 

any finite extensions of degree divisible by p. 

This theorem lets us understand hypothesis A much better. Based on this insight, 
Kaplansky's result about uniqueness of maximal immediate extensions is reproved in 
[Ku-Pa-Ro]. There, it is deduced from the Schur-Zassenhaus Theorem about conjugacy 
of complements in profinite groups, via Galois correspondence. 

As we are shifting our focus to additive polynomials, the original condition "p-closed" 
regains its independent interest. In Section 9 we will use Theorem 5 to prove: 

Theorem 6 A henselian valued field of characteristic p > is p-closed if and only if it 

is an algebraically maximal Kaplansky field. 

For a generalization of the notion "p-closed" and of this theorem to fields of characteristic 
see [V], in particular Corollary 5. 

By Theorem 5 we can split condition (A2) into two distinct conditions: 

(A2.1) the residue field Kv is perfect, and 

(A2.2) the residue field Kv does not admit any finite separable extension of degree 
divisible by p. 

While (A2.1) is a perfectly natural condition about fields, (A2.2) is somewhat unusual. 
This is the reason for the fact that Kaplansky fields are not often found in applications. 
Certainly also the other conditions restrict the possible applications (for example, Fp((t)) 
doesn't satisfy (Al)). But for instance, every perfect valued field of characteristic p > 
satisfies conditions (Al) and (A2.1) (but not necessarily (A2.2)). So we would obtain a 
more natural condition if we could drop condition (A2.2). To obtain good model theoretic 
properties for fields satisfying (Al) and (A2.1), one has to require again that they are 
algebraically maximal. Such fields form a part of an important larger class of valued 
fields, the tame fields. A tame field is a hensefian field whose algebraic closure is equal 
to the ramification field of the normal extension K^^^^lK, where X^^p denotes the 
separable-algebraic closure of K. The ramification field of a normal separable-algebraic 
extension of valued fields is the fixed field in that extension of a certain subgroup of the 
Galois group, the ramification group. We don't need the definition of this group here; 
we only need the basic properties of the field which I will put together in Theorem 38 
below. By part e) of this theorem, every tame field is defectless, and it follows directly 
from the definition that every tame field is perfect. In [Kul] (cf. also [Kull]) I proved: 

Theorem 7 The elementary theory of a tame field is completely determined by the ele- 
mentary theory of its value group and the elementary theory of its residue field. 

All tame fields satisfy conditions (Al) and (A2.1), but not necessarily (A2.2). That 
means that we have lost the uniqueness of maximal immediate extensions. But the above 
result shows that uniqueness is not necessary for an elementary class of valued fields to 
have good model theoretic properties. However, we have to work much harder. This work 
is again directly related to additive polynomials, and we will describe this connection now. 
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2.2 Reason #2: the defect and purely wild extensions 

Let us assume that {K, v) is henselian. Then for every finite extension L of K, we have 
g = lin the fundamental inequahty (4) . Then the Lemma of Ostrowski (of. [Ri] , Theoreme 
2, p. 236) tells us that we have an equality 

[L:K] = (vL : vK) ■ [Lv : Kv] ■ , (9) 

where p is the characteristic exponent of the residue field Kv, and 5 is a non- negative 
integer. The factor p^ is called the defect of the extension {L\K, v); it is trivial if = 1. 
Consequently, every valued field with residue field of characteristic is defectless. 

It follows from Theorem 38 that a valued field is tame if it is henselian and for every 
finite extension L\K, 

• the characteristic of Kv does not divide {vL : vK), 

• the extension Lv\Kv is separable, and 

• the extension {L\K,v) is defectless. 

The ramification field K^ is the unique maximal tame extension of every henselian field 
{K,v). 

As I have explained in [Ku3], the presence of non-trivial defect is one of the main 
obstacles in proving an Ax-Kochen-Ershov principle like (7). Let me quickly sketch this 
again. Assume that (L, v) is an extension of a henselian field (K, v) such that vK vL 
and Kv -<3 Lv. Then we take {K*,v*) to be an |L|+-saturated elementary extension of 
{K, v). It follows that v*K* is a I^Ll^-saturated extension of vK; hence vK ^3 vL yields 
that vL can be embedded over vK in v*K*. It also follows that K*v* is an |Lt;|+-saturated 
extension of vL; hence Kv -<s Lv yields that Lv can be embedded over Kv in K*v*. Now 
we have to hft these embeddings to an embedding of {L,v) in {K*,v*) over K. Once 
this is achieved, we are done, because every existential elementary sentence which holds 
in {L,v) carries over to its image in [K*,v*), from there up to {K*,v*), and from there 
down to the elementary substructure {K,v). 

By a general model theoretic argument, the situation can be reduced to the case where 
L is finitely generated over K. That is, {L\K,v) is a valued function field (by "function 
field", we will always mean "algebraic function field"). Hence, we need the structure 
theory of valued function fields to solve our embedding problem (as it is the case for the 
problem of local uniformization) . Let us assume that we can reduce to the case where 
the transcendence degree of L\K is 1. This can be done for tame fields, but for the 
model theory of Fp((t)), this is another serious problem, again connected with additive 
polynomials (see Section 2.3). Assume further that we have lifted the embeddings of 
vL and Lv to an embedding of some subfield Lq of L. Then L\Lq is a finite immediate 
extension, and in general, it will be proper (i.e., L 7^ Lq). Taking henselizations, we 
obtain that also L^\Lq is a finite immediate extension. Since we assumed that {K,v) 
is henselian (which is true for every algebraically maximal and every tame field), its 



10 



elementary extension {K*,v*) is also henselian. Therefore, the embedding of Lq extends 
to an embedding of Lq in K* (this is the universal property of the henselization) . But if 

7^ Lq, we do not know how to hft the extension further (which we would need to get 
all of L embedded), unless we have uniqueness of maximal immediate extensions. Since 
L'^|Lq is immediate, we have {vL^ : vLq) = 1 and [L'^v : L^v] — 1; hence if L'^ Lq, then 
by (9), the extension has non-trivial defect, equal to its degree. 

We see that indeed, the presence of non-trivial defect constitutes a serious obstacle for 
our embedding problem. So we have to avoid the defect. In certain cases, it will not even 
appear. All tame fields are defectless fields (and so are all other valued fields for which 
we know good model theoretic results). This does not mean that every valued function 
field over a tame field is defectless. But for a certain type of valued function fields, this is 
true. Let {L\K,v) be an extension of valued fields of finite transcendence degree. Then 
the following inequality holds (cf. [B], Chapter VI, §10.3, Theorem 1): 

trdegL|ir > dimQ{Q ® (vL/vK)) + trdegLv\Kv . (10) 

If equality holds then we will say that {L\K,v) is without transcendence defect. For 
such function fields, we have ([Kul], [Ku9]): 

Theorem 8 (GeneraHzed Stabihty Theorem) Let {L\K,v) be a valued function field 
without transcendence defect. If {K, v) is a defectless field, then also {L, v) is a defectless 
field. 

Using this theorem, one can prove (cf. [Ku9]): 

Theorem 9 Let {K, v) he a henselian defectless field. Then the Ax-Kochen-Ershov prin- 
ciple ( 7) holds for every extension (L, v) of {K, v) without transcendence defect. 

I proved Theorem 8 in [Kul]. How does this proof work? How can we see whether a 
given valued field is defectless? First of all, a valued field is defectless if and only if its 
henselization is (see [Ku9]; a partial proof is also given in [En]). So we can assume that L 
is the henselization of a valued function field. Second, if {k, v) is any henselian field, then 
every finite extension of k inside the ramification field k'^ has trivial defect, and if ki\k is 
any finite extension, then ki\k and k^.ki\k^ have the same defect (cf. Theorem 38). So in 
our situation, we have to show that every finite extension of L^ has trivial defect. The 
advantage of working over L^' is that general ramification theory tells us that L^^^lL"^ is a 
p-extension. A normal and separable field extension is called a p-extension if its Galois 
group is a pro-p-group. It follows from the general theory of p-groups (cf. [H], Chapter 
HI, §7, Satz 7.2 and the following remark) via Galois correspondence that every finite 
separable-algebraic extension of L^ is a tower of Galois extensions of degree p. Hence we 
just have to show by induction that each of them has trivial defect. (The complementary 
case of purely inseparable extensions is much easier and can be disposed of more directly.) 
Now every Galois extension k'\k oi degree p of fields of characteristic p is an Artin-Schreier 



11 



extension; this well known fact is proved by an application of Hilbert's Theorem 90. We 
include a proof in Section 7 (Theorem 35), as a special case of a generalization which we 
will discuss below. 

Let 1? be a root oiXP-X-a. Then k' = = A;(i? - c) for every cek. As XP-X 
is an additive polynomial, we have (i) — c)^ — (i? — c) — a — + c, that is, ?9 — c is a root 
of the p-polynomial X^ — X — (a — + c). So we may change a by subtracting elements 
in k of the form — c, without changing the extension generated by the polynomial. 
The idea in our above situation is now to find by this method a suitable normal form 
for the element a from which we can read off that the extension has trivial defect. The 
idea of deducing suitable normal forms for Artin-Schreier extensions (and for Kummcr 
extensions in the case of fields of characteristic 0) can already be found in the work of 
Hasse, Whaples, Epp ([Ep], see also [Ku5]), Matignon and Abhyankar. 

Let us quickly discuss two examples. We wish to show that a given Artin-Schreier 
extension L'\U has trivial defect. Before we go on, we note that by valuation theoretical 
arguments, the proof of Theorem 8 can be reduced to the case where K and hence also 
its residue field Kv is algebraically closed. Assume that the transcendence degree of L\K 
is 1. Then by (10) with equality, we can have 

• dimQ(Q (vL/vK j) = 1 and tideg Lv\Kv = 0, or 

• dimQ(Q (g) [vL/vK]) — and tx(\.egLv\Kv — 1. 

In the first case, there is an element x & L such that vx is rationally independent over 
vK. Under certain additional conditions, we can then take a to be a polynomial in x with 
coefficients in K. Since the values of the monomials in this polynomial a = a{x) lie in 
distinct cosets modulo vK, their values are distinct. By the ultrametric triangle law, this 
implies that the value of such a monomial is equal to the least value of its monomials. 
Now we can use the above method to get rid of p-th powers of x in a{x) (we can replace a 
monomial cx''^ by c^/px^. Therefore, we can assume that all monomials appearing in the 
polynomial a{x) are of the form CiX^ with i not divisible by p. Then the value va{x) is not 
divisible by p in vU . This value cannot be positive since otherwise, the extension would 
be trivial by Hensel's Lemma. With the value being negative, the reader may show that 
if ■»? is a root of Xp — X — a{x), then 

P 

This implies that {vV : vU) — p —[V : U], so the extension has trivial defect. 

In the second case, we will have an element x & L oi value whose residue xv is 
transcendental over Kv. Now we will have to deal with finite sums of the form Cjdj where 
di E L are representatives of elements in the residue field. We play the same game as 
before, trying to come up with a residue that has no p-th root, from which it would follow 
in a similar way as above that [L'v : Uv\ = p — [L' : U], showing that the extension has 
trivial defect. The problem here is that when we replace some monomial Cidi by its p-th 
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root cy^d.y-'', then even if the residue dY^v does not have a p-th root in Lv, the element 
might sum up with some other dj to an element whose residue has again a p-th root 
in Lv. We somehow have to see that this process cannot go on infinitely. A good idea 
would be to take the di such that their residues form a basis of Lv\Kv. But then we 
would need that also the residue of d^^ is in this basis. It is easily seen that a basis being 
closed under taking p-th roots (as long as we stay in Lv) is the same as a basis being 
closed under taking p-th powers (in other words, being closed under the Frobenius). Such 
a basis will be called a Probenius-closed basis. See Lemma 25 which gives the exact 
formulation of the property of a Probenius-closed basis that we need in [Ku9]. 

The residue field of K{x) is just Kv{xv). Further, L being a function field of transcen- 
dence degree 1, L\K(x) is a finite extension. It follows from the fundamental inequality 
that also Lv\K{x)v is a finite extension. This shows that Lv\Kv is a function field of 
transcendence degree 1. So in order to prove our theorem in the second case, our task 
is to find a Frobenius-closed basis for every function field of transcendence degree 1 over 
an algebraically closed field of positive characteristic. In [Kul] , I proved a more general 
result: 

Theorem 10 Let F be an algebraic function field of transcendence degree 1 over a perfect 
field K of characteristic p > 0. IfK is relatively algebraically closed in F , then there exists 
a Frobenius-closed basis for F\K. 

The proof and some further background are given in Section 5. There, we will also 
deduce the following result from Theorem 10, showing the connection between Frobenius- 
closed bases and additive polynomials: 

Theorem 11 If F is an algebraic function field of transcendence degree 1 over a perfect 
field K of characteristic p > and if K is relatively algebraically closed in F , then F/ K 
is a free K[ip]-module. 

The second important theorem that I use in the proof of Theorem 7 is needed when 
the valued function field {L\K. v) has non-trivial transcendence defect, i.e., equality does 
not hold in (10). In reducing to transcendence degree 1 by induction, one reaches the 
case where (L, v) is an immediate extension of transcendence degree 1 of the tame field 
{K, v). The defect is then avoided by means of the following theorem. 

Theorem 12 (Henselian Rationality) 

Let {K, v) be a tame field and {L\K, v) an immediate function field of transcendence degree 
1. Then the henselization {L,v)^ of {L,v) is henselian rational, i.e., 

there is x e L such that L^ = K{x)'^ . (11) 
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For valued fields of residue characteristic 0, the assertion is a direct consequence of the fact 
that every such field is defectless (in fact, every x G L\K will then do the job). In contrast 
to this, the case of positive residue characteristic requires a much deeper structure theory 
of immediate algebraic extensions of henselian fields, in order to find suitable elements x. 
I proved this theorem in [Kul] (cf. also [KulO]). 

The proof works as follows. Suppose we have chosen the wrong x. Then the extension 
L^\K[xY is proper and immediate. So by (9) its defect is equal to its degree and thus non- 
trivial. If L^\K{x)^ were an Artin-Schreier extension, we could employ the same methods 
as described above to find a normal form that allows us to find a better x (i.e., one for 
which the degree : K{x)^] is smaller). But in general, even if L'^\K{x)^ is separable, it 
will not necessarily be a tower of Artin-Schreier extensions. Note that because its degree 
is a prime, an Artin-Schreier extension does not admit any proper subextensions; such 
an extension is called minimal. This leads us to the following question: what is the 
structure of minimal subextensions of such extensions L^\K{x)^7 

Since L^|JC(x)^ is immediate, but every finite subextension of K{xY\K{x)'^ (where 
K{xy' := {K{x)'^y' ) is defectless by part c) of Theorem 38, it follows that L^\K{x)'^ is 
linearly disjoint from K[xY\K[x)^. Take any henselian field {k, v). Then an algebraic ex- 
tension ki is called purely wild if A;i|A; is hnearly disjoint from k'^\k. Hence, our extension 
L'^\K{x)^ is purely wild. Our question is now answered by the following theorem, which 
again shows the importance of p-polynomials and hence also of additive polynomials. This 
theorem is due to Florian Pop ([Pop]). 

Theorem 13 Let {k, v) be a henselian field of characteristic p > and {ki\k, v) a minimal 
purely wild extension. Then there exist an additive polynomial A{X) e and an 

element -d G ki such that ki — k{'&) and the p-polynomial A{X) — A{t&) is the minimal 
polynomial of -d over k. 

It can be shown using Hensel's Lemma that if ki ^ k, then A{'d) ^ Ok ■ 

Using the additivity of the polynomial A like I used the additivity of the Artin- 
Schreier polynomial — X before, it is indeed possible to deduce a normal form that 
allows to find a better x. Therefore, Theorem 13 is an important ingredient in the proof of 
Theorem 12. Three sections of this paper are devoted to the previously unpublished proof 
of Theorem 13. For the convenience of the reader, G-modules and twisted homomorphisms 
are introduced in Section 6. In Section 7, a Galois theoretical result of independent interest 
is proved. It is a generalization of the theorem that I have already used above and that 
states that every Galois extension of degree p in characteristic p is an Artin-Schreier 
extension. Then I apply it in Section 8 to the situation of purely wild extensions and 
derive Theorem 13. 

Theorem 13 gains even more importance in conjunction with a result of Matthias Pank 
(see [Ku-Pa-Ro]): 
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Theorem 14 Let {K, v) be a henselian field. Then admits a field complement W in 
the algebraic closure K , that is, W.K^ = K and WnK^ = K . Every such complement W 
is a maximal purely wild eoctension of K. The quotient group vW/vK is a p- group (where 
p is the characteristic exponent of Kv), and the extension Wv\Kv is purely inseparable. 

Note that {K, v) is a tame field if and only if W = K. 

2.3 Reason #3: extremality and elementary properties of addi- 
tive polynomials 

If / is a polynomial in n variables with coefficients in i^T, then we will say that (i^, v) is 
extremal with respect to / if the set 

{vf{ai, . . . , a„) I oi, . . . , a„ e QvKl} {oo} (12) 

has a maximum. This means that 

311, . . . ,F„VXi, . . . . . . < vf{Y,, . . . 

holds in [K, v). It follows that being extremal with respect to / is an elementary property 
in the language of valued fields with parameters from K. Note that the maximum is oo if 
and only if / admits a i^T-rational zero. A valued field {K, v) is called extremal if for all 
n e N, it is extremal with respect to every polynomial f van variables with coefficients in 
K. This notion is due to Ershov. The property of being extremal can be expressed by a 
countable scheme of elementary sentences (quantifying over the coefficients of all possible 
polynomials of degree at most n in at most n variables). Hence, it is elementary in the 
language of valued fields. 

The following result was first stated by Delon in [Del] , but the proof contained gaps. 
The gaps were later filled by Ershov in [Er2] . I give an alternative proof in [Ku8] . 

Theorem 15 ^ valued field is algebraically maximal if and only if it is extremal with 
respect to every polynomial in one variable. 

The following related results, also proved in [Ku8], illustrate again the importance of 
additive and p-polynomials. First, using Theorem 13, we can push the result stated in 
Theorem 15 even further: 

Theorem 16 A henselian valued field of characteristic p > is algebraically maximal if 
and only if it is extremal with respect to every p-polynomial in one variable. 

A polynomial A G K[Xi, . . . , X„] in n variables is called additive if for all elements 
ai, . . . , a„, hi, . . . ,bn in any extension field of K, 

A{ai + bi, . . . ,an + bn) = A{ai, . . . , a„) + A{bi, ...,&„) ■ 
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In fact, if A is additive then 

n 

AiX,,...,Xn) = J2MX^) 
1=1 

where 

Ai{Xi) := A{0,...,0,Xi,0,...,0) 

are additive polynomials in one variable. As before, a polynomial / e K[Xi, . . . , X^] in 
n variables is called p-polynomial if it is of the form A + c where A G K[Xi, . . . , X^] 
is additive, and c E K. From the above we see that also every p-polynomial is a sum of 
]9-polynomiaIs in one variable. 

A valued field is called inseparably defectless if all purely inseparable extensions 
have trivial defect. The following is proved in [Ku8]: 

Theorem 17 A valued field {K,v) of characteristic p > is inseparably defectless if and 
only if it is extremal with respect to every p-polynomial of the form 

b-f2biXf, neN,bM,---,bneK. (13) 

i=l 

Observe that again, all of these notions can be axiomatized by recursive elementary 
axiom schemes. 

I will now sketch the basic idea of the proof of Theorem 3. Note that the image of a 
polynomial / on a valued field K has the optimal approximation property in the sense of 
[Ku4] and [Dr-Ku] if and only if K is extremal with respect to / — c for every c E K. 
Consequently, 

the images of all additive polynomials over {K, v) have the optimal approximation property 
if and only if K is extremal with respect to all p-polynomials over K. 

This holds in one variable as well as in several variables. 

In [Ku4], I considered the following additive polynomial over Fp((i)): 

- Xo + tXf + . . . + t^-^Xl_^ . (14) 

I showed that the image of this polynomial has the optimal approximation property in 
¥p{{t)). Then I constructed an extension {L,v) of Fp((t)) of transcendence degree 1 which 
is henselian, defectless, has value group a Z-group, with vt the smallest positive element, 
and residue field Fp , but the image of the above polynomial does not have the optimal 
approximation property in {L,v). This shows that Fp((i)) with its i-adic valuation is not 
an elementary substructure of {L,v). This yields Theorem 3. 

Further, 1 proved in [Ku4] that in all maximal fields, the images of all additive polyno- 
mials which satisfy a certain elementary condition have the optimal approximation prop- 
erty. Maximal fields are interesting objects in the model theory of valued fields because 
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all maximal immediate extensions of a valued field are maximal. So if we are considering 
an elementary class of valued fields closed under maximal immediate extensions (so far, 
this is the case for all classes of valued fields without additional structure that play a role 
in model theory), and if the Ax-Kochen-Ershov principle (6) holds for this class, then 
every field in the class should be elementarily equivalent to all of its maximal immediate 
extensions. Therefore, the following question is very important: 

Open Problem 2 Is every maximal field of characteristic p > extremal with respect 
to every p-polynomial in several variables? Is every maximal field extremal? 

Since every maximal field is algebraically maximal. Theorem 15 shows that it is at least 
extremal with respect to every polynomial in one variable. To answer the first question to 
the affirmative, one would have to eliminate the condition in the result mentioned above. 

In [Ku4], I also construct an immediate function field {F,v) of transcendence degree 1 
over {L,v) such that {L,v) is not existentially closed in {F,v). Any maximal immediate 
extension {M,v) of {F,v) is also a maximal immediate extension of {L,v). Since {L,v) 
is not existentially closed in {F,v), it is not existentially closed in {M,v). So it is not an 
elementary substructure of (M, v), and it cannot lie in an elementary class which has the 
good properties discussed above. 

The function field F is generated over L by two elements xo,xi which satisfy an 
equation 

where x is an element in L which is transcendental over Fp((i)). So the existential sentence 

3Xo3Xi : X = X'^-Xo + tXf 

holds in F. On the other hand, L is constructed in such a way that this sentence does 
not hold in L. This proves that L is not existentially closed in F and, a fortiori, (L, v) is 
not existentially closed in {F,v). 

The function field F\L shows the following interesting symmetry between a generating 
Artin-Schreier extension and a generating purely inseparable extension of degree p. On 
the one hand, we have the Artin-Schreier extension 

L{xq,xi)\L{xi) 

given by 

^0 ~ ^0 — X ~ t^i ■ (15) 
On the other hand we have the purely inseparable extension 

L{xo,xi)\L{xo) 

given by 

Xi = -{-x^ + xo + x) . 
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From equation (15) it is immediately clear that the function field L[xo,Xi) becomes ra- 
tional after a constant field extension by t^^^; namely 

This shows that the base field L, not being existentially closed in the function field F, 
becomes existentially closed in the function field after a finite purely inseparable constant 
extension, although this extension is linearly disjoint from F\L. 

In our above example there also exists a separable constant field extension L'\L of 
degree p such that {F.L')^ is henselian rational. To show this, we take a constant d & L 
and an element a in the algebraic closure of L satisfying 

t — dF — da , 

and we put L' — L{a). If we choose d with a sufficiently high value, then we will have that 
vdaxi > 0. Prom this we deduce by Hensel's Lemma that there is an element b e L'(xi)'^ 
such that If — b — —dax\. If we put z — xq-\- ax\ + 6 e L'{xo, xi)^, we get that 

— z = X — tx\ + aFx\ — axi — dax\ — x — axi + {a^ — da — t)xi = x — axi , 

which shows that 

xi e L'{z) . 

This in turn yields that b e L'{z)^ and consequently, 

Xq = z — axi — 6 e L'{z)'^ . 
Altogether, we have proved that 

L'{xo,x,)'' = L\zf 

is henselian rational. 

Let us discuss one more problem about the model theory of Fp((t)) that becomes 
visible through our above example. It can be shown that for every /c e N, the sentence 

VX3Xo, . . . ,y : X ^ Xt - XQ^txf + . . . +i^'-'x;I:_, + Y ^vY>{) 

holds in Fp((t)) as well as in every maximal field which satisfies axiom system (5). On 
the other hand, given any n G N, the construction of (L, v) can be modified in such a way 
that for some k the above sentence does not hold in (L, v) and that the smallest extension 
of {L,v) within any maximal immediate extension in which that sentence holds is at least 
of transcendence degree n over L. This is in drastic contrast to the tame behaviour shown 
by tame fields: 
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// {M\K,v) is an immediate extension, {M,v) is a tame field and K is relatively alge- 
braically closed in M , then also (K, v) is a tame field. 

(For a proof, see [Kull].) This property of tame fields is used in an essential way in the 
proof of Theorem 7 in order to reduce to immediate extensions of transcendence degree 
1 (so that Theorem 12 can be applied). Apparently, in the case of fields elementarily 
equivalent to Fp((i)), we have to succeed without this tool. 

For the construction of the field L, I needed a handy criterion for defectless fields. The 
following is proved in [Ku8]: 

Theorem 18 A valued field of positive characteristic is henselian and defectless if and 
only if it is separable-algebraically maximal and inseparably defectless. 

The proof uses a classification of Artin-Schrcicr extensions with non-trivial defect accord- 
ing to whether they can be obtained as a deformation of a purely inseparable extension 
with non-trivial defect, or not (cf. [Ku8]). This classification is also of independent inter- 
est. For instance, S. D. Cutkosky and O. Piltant [Cu-Pi] give an example of a tower of 
two Artin-Schreier extensions with non-trivial defect of a rational function field in which 
a certain form of "relative resolution" fails. It would be interesting to know whether such 
properties depend on the classification. In [Ku6], valued rational function fields are con- 
structed which allow an infinite tower of Artin-Schreier extensions with non-trivial defect, 
but it is not clear whether one can obtain both sorts of extensions. The classification may 
also be important for the characterization of all valued fields whose maximal immediate 
extensions are finite (cf . [V] for the background) . 

2.4 But what about extremality for all polynomials? 

Let us come back to the question whether every maximal field is extremal. We know the 
answer in the case of discrete valued fields: 

Theorem 19 // {K, v) is a henselian defectless field with value group isomorphic to Z, 
then {K, v) is eoctremal. 

In [Del], Delon deduced this from the work of Greenberg [Gre]. An elegant model 
theoretic proof was given by Ershov. The theorem implies that in particular, (Wp{{t)),Vt) is 
extremal. It also implies that every henselian defectless field with value group isomorphic 
to Z is extremal with respect to all p-polynomials in several variables. An alternative 
proof for this fact can be found in [Dr-K]. It uses the local compactness of Fp((t)). If 
this could be eliminated in the case of maximal fields, we could at least prove that every 
maximal field is extremal with respect to all p-polynomials in several variables. This 
generates the following question: 

Open Problem 3 If a henselian field of characteristic p > is extremal with respect to 
all p-polynomials in several variables, does this imply that it is extremal? 
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Are p-polynomials representative for all polynomials when extremality is concerned? 
Theorem 16 indicates that modulo henselization this is true for polynomials in one vari- 
able. But can we associate directly to every polynomial in one variable a p-polynomial 
in one variable from which we can read off information about extremality? A result of 
Kaplansky ([Kal], Lemma 10), originally proved to be used in the construction of one 
of the counterexamples to embcddability in power series fields, shows that this can be 
done over every henselian field with archimedean value group. Using technical machinery 
developed in [Kul], this result can be generalized (the proof is implicit in [Kul]): 

Proposition 20 Let (K, v) be a henselian field and {a^^p^x cl pseudo Cauchy sequence 
in K without a limit in K . Pick a polynomial f of minimal degree such that the value 
'^f{ojp) is not ultimately fixed. Then there is an additive polynomial A G K[X] such that 
for all large enough p, 

vifidp) - A{ap)) > vf{ap) 
(which in particular implies that vf{ap) — vA{ap) ). 

Open Problem 4 Is Proposition 20 also true for polynomials in several variables? 

If this were not the case, then it would destroy our hope to capture the complete theory 
of ¥p{{t)) by adjoining axioms about extremality with respect to additive polynomials to 
axiom system (5). That would mean that additive polynomials are important but do not 
tell us all the missing information about Fp((t)). 

It should be mentioned that the case of several variables is very much different from 
the case of one variable, and there is not much hope of treating it by induction on the 
number n of variables starting with n — 1. Indeed, if {L\K, v) is an immediate extension 
generated by a polynomial /, then a pseudo Cauchy sequence of algebraic type can be 
constructed with respect to which the value of / is not fixed (for these notions, see [Kal]). 
This has been done in [Er2] and in [Ku8] . A similar procedure is not known for the case 
of several variables. 

2.5 Concluding remarks about valued -modules 

Van den Dries' question can be reformulated as: Determine the model theory of valued 
K[(p]-modules. What do we mean by a "valued module"? There are some notions of 
"valued module" in the literature, but as far as I know they do not cover the case we 
are interested in. Basically, one could define a "valued module" to be a module which 
also has the structure of a valued abclian group. But without any further assumptions 
on the compatibility between module structure and valuation, this would not lead us far. 
So we have to choose axioms for the compatibility that cover the case we are interested 
in. I have done this in [Ku2], but these axioms are not yet in a very satisfactory form. 
Although the structure of ir[</7]-modules can be nasty when K is not perfect, there is still 



20 



the valuation on them and it appears that with an appropriate choice of axioms one can 
tame these modules. Indeed, a first answer to van den Dries' question was given by his 
student Thomas Rohwer who proved in his thesis [Roh] the following results: 

Theorem 21 The elementary theory of¥p((t)) as an ¥p[[t))[(f]-module with a predicate 
forWp[[t]] is model complete. The elementary theory of¥p{{t)) as an ¥p{t)[ip]-module with 
a predicate for ¥p[[t]] is decidable. 

It should be noted that Pheidas and Zahidi [Ph-Za] prove analogous results for ¥p[t\ as 
an Fp[t][(/9]-module. 

Theorem 21 immediately leads to a number of questions: 

Open Problem 5 What do Rohwer's results tell us about the model theory of the valued 
field ¥p{{t))l 

Open Problem 6 Does the elementary theory of Fp((t)) as an ¥p{{t))[ip]- or ¥p{t)[ip]- 
module admit quantifier elimination in some natural language? 

Rohwer works with predicates Vi that are interpreted by the sets of all elements of 
value > i. This gives less information than a binary predicate P{x,y) interpreted by 
vx < vy ("valuation divisibility"). 

Open Problem 7 What are the model theoretic properties of the elementary theory of 
¥p{(t)) as a valued ¥p{(t))[(p]- or Fp(t)[(^]-module in a language which includes a binary 
predicate for valuation divisibility? 

Open Problem 8 What is the structure of extensions of valued K[ip\-modulesl Can 
one prove Ax-Kochen-Ershov principles for valued ir[</?]-modules? 

An important tool in the model theory of valued fields is Kaplansky's well known result 
that a valued field is maximal if and only if every pseudo Cauchy sequence in this field has 
a hmit (cf. [Kal]). One can ask the same question for other valued structures. In the case 
of valued modules with value-preserving scalar multiplication, the corresponding result 
is already in the literature. For the case of valued modules with the above mentioned 
axioms that cover the case of the valued i^[<^]-module Fp((t)), I proved the corresponding 
result in [Ku2]. Together with Rohwer's work, this seems to be a good start towards a 
comprehensive study of valued ir[</7]-modules, including a full answer to van den Dries' 
question, but quite a bit of work remains to be done. 
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3 Characterization of additive polynomials 



In this section we give the basic characterizations of additive polynomials and prove 
Theorem 1. 

Lemma 22 Take f e K[X] and consider the following polynomial in two variables: 

g{X, Y) f{X + Y) - f{X) - f{Y) . (16) 

// there is a subset A of cardinality at least deg / in some extension field of K such that 
g vanishes on Ax A, then f is additive and of the form (2). 

Proof: Assume that there is a subset A of cardinality at least deg / in some extension 
field of K such that g vanishes on ^4 x ^4. Take L to be any extension field of K. By field 
amalgamation, we may assume that A is contained in an extension field V of L. For all 
c G -L', the polynomials g{c^ Y) and g{X^ c) axe of lower degree than /. This follows from 
their Taylor expansion. Assume that there exists c E L such that g{c, Y) is not identically 
0. Since A has more than deg5'(c, Y) many elements, it follows that there must be a G ^4 
such that g{c, a) ^ 0. Consequently, g{X, a) is not identically 0. But since A has more 
than degg{X,a) many elements, this contradicts the fact that g{X,a) vanishes on A. 
This contradiction shows that g{c^ Y) is identically for all c E L. That is, g vanishes on 
L X L. Since this holds for all extension fields L of K, we have proved that / is additive. 

By what we have shown, g{c, Y) vanishes identically for every c in any extension field 
of K. That means that the polynomial g{X,Y) e has infinitely many zeros. 

Hence, it must be identically 0. Write / = dnX'^ + . . . + do • Then g{X, Y) is the sum of 
the forms dj{X + Yy — djX^ — djY^ of degree j, 1 < j < deg/. Since g is identically 
0, the same must be true for each of these forms and thus for all (X + Yy — X^ — Y^ 
for which dj ^ 0. But {X + Yy — X^ — Y^ = can only hold if j is a power of the 
characteristic exponent of K. Hence, dj = if j is not a power of p. Setting q := dpi, we 
see that / is of the form (2). □ 

Proof of Theorem 1: Suppose that / G K[X] is additive. Then the polynomial g 
defined in (16) vanishes on every extension field L of K. Choosing L to be infinite and 
taking ^4 = L, we obtain from the foregoing lemma that / is of the form (2). 

Conversely, for every i & N, the mapping x i-)- x^^ is a homomorphism on every field 
of characteristic exponent p. Hence, every polynomial qX*'' is additive, and so is the 
polynomial El^oCi^^'- □ 

Corollary 23 Take f G K[X]. 

a) If f is additive, then the set of its roots in the algebraic closure K of K is a subgroup 
of the additive group of K. Conversely, if the latter holds and f has no multiple roots, 
then f is additive. 
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b) If f satisfies condition (1) on a field with at least deg / many elements, then f is 
additive. 

Proof: a): If / is additive and a,b are roots of /, then /(a + b) = f{a) + f{b) = 0; 
hence a + b is also a root. Further, /(O) = /(O + 0) = /(O) + /(O) shows that = /(O) = 
/(a " a) = f{a) + f{—a) = f{—a), so and —a are also roots. This shows that the set of 
roots of / form a subgroup of {K, +). 

Now assume that the set A of roots of / forms a subgroup of {K, +), and that / has 
no multiple roots. The latter implies that A has exactly deg/ many elements. Since 
A + A = A,the polynomial g{X, Y) = f{X + Y)-f{X)-f{Y) vanishes on Ax A. Hence 
by Lemma 22, / is additive. 

b): This is an immediate application of Lemma 22. □ 



Exercise 1 a) Let K be any finite field. Give an example of a polynomial f € K[X] wliich. is not 
additive but induces an additive mapping on {K, +). 

b) Show that the second assertion in part a) of Corollary 23 fails if we drop the condition that f has no 
multiple roots. Replace this condition by a suitable condition on the multiplicity of the roots. 

c) Deduce Corollary 23 from the theorem of Artin as cited in [L], VIII, Theorem 18. 

4 Rings of additive polynomials 

This section is devoted to the structure of rings of additive polynomials. Euclidean division 
is discussed in the following 

Proof of Theorem 2: Take s = E^o CiV?* and s' = Er=o ^i^'- If deg s' < deg s, then 
we set q — and r — s'. Now assume that deg s' — n > m — deg s. Then 

deg(s' - d„c-P""'"(^"-"^ s) < n - 1< deg s' . 

Now take q e Kl'p] such that dcg(s' — qs) is minimal. Then deg(s' — qs) < dcgs. 
Otherwise, we could apply the above to s' — qs in the place of s', finding some q' & R such 
that deg(s' — {q + q')s) = deg(s' — qs — q's) < deg(s' — qs) contradicting the minimality 
of q. Setting r = s' — qs, we obtain s' = qs + r with degr < degs. We have proved that 
K[(p\ is left euclidean. If K is perfect, hence K — X^"", then we also have 

deg{s' - s (c-^4)V^''"(^-™) <n-l<degs', 

and in the same way as above one deduces that K[(f\ is right euclidean. 

Now assume that K is not perfect and choose some element c & K not admitting a 
p-th root in K. Then Rp n cRp = {0} and 

ipK[ip] n apK[ip] = {0} 
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since every nonzero additive polynomial in the set ipK[ip\ has coefficients in K'^ whereas 
every nonzero additive polynomial in c!~pK[if \ has coefficients in cK^. □ 

Remcirk 24 Let us state some further properties of the ring K[i^\ which follow from 
Theorem 2. More generally, let R be any left principal ideal domain. Then J? is a left 
free ideal ring (ffi^), and it is thus a semiffi, i.e., every finitely generated left or right 
ideal is free of unique rank (note that this property is left-right symmetrical, cf. [C2], 
Chapter 1, Theorem 1.1). Consequently, every finitely generated submodule of a (left or 
right) free i?-module is again free, cf. [C2], Chapter 1, Theorem 1.1 . On the other hand, 
every finitely generated torsion free (left or right) i?-module is embcddablc in a (finitely 
generated) free i?-module if and only if R is right Ore, cf. [C2], Chapter 0, Corollary 9.5 
and [Ge], Proposition 4.1. Being a semifir, R is right Ore if and only if it is a right 
Bezout ring. But if R is not right Ore, then it contains free right ideals of arbitrary finite 
or countable rank, and R is thus not right noetherian, cf. [C2], Chapter 0, Proposition 8.9 
and Corollary 8.10 . Every projective (left or right) i?-module is free, cf. [C2], Chapter 1, 
Theorem 4.1 . A right i?-module is fiat if and only if it is torsion free, and a left i?-module 
M is fiat if and only if every finitely generated submodule of M is free, cf. [C2], Chapter 1, 
Corollary 4.7 and Proposition 4.5 . In view of the above, the latter is the case if and only 
if every finitely generated submodule of M is embeddable in a free i?-module. Further, a 
left i?-module M is fiat if and only if for every n e N and all right linearly independent 
elements ri, . . . ,rn & R, 

Vxi , . . . , Xn & M : ^ Tj = =^ Vi : Xi — , 

cf. [CI], Chapter 1, Lemma 4.3 . As a semifir, is a coherent ring. Finally, since R is left 
Ore, it can be embedded in a skew field of left fractions, cf. [C2], Chapter 0, Corollary 8.7 . 

Note that in particular, the above shows that all finitely generated torsion free (left 
or right) ir[</7]-modules are free if and only if K is perfect, that is, K[ip\ is euchdean on 
both sides. 

Exercise 2 Describe the relation of the degree functions on K[X] and K[ip] via the correspondence (3), 
giving thereby a proof of deg rs = deg r + deg s. Show that it also satisfies dcg r + s < max{deg r, deg s} 
with equality holding if degr ^ degs. Can it be transformed into a valuation? 

5 Frobenius-closed bases of function fields 

In this section, we prove the existence of Frobenius-closed bases of algebraic function fields 
F\K of transcendence degree 1, and exhibit the connection between their existence and 
the structure of F as a -module (for arbitrary transcendence degree). 

Take an arbitrary extension of fields of characteristic p > 0. Recall that a iT-basis 
S of F is called Frobenius-closed if Bp c B, where Bp ^ {If \ b e B} = cpB. In [Ku9] 
we need Frobenius-closed bases because they have the following property: 
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Lemma 25 Take a Frobenius-closed basis Zj, j e J, of F\K. If the sum 

s — '^ CiZi , Ci & K , I <Z J finite 

is a p-th power, then for every i & I with ci ^ 0, the basis element Zi is a p-th power of a 
basis element. 

Proof: Assume that ^ 

« = II c/zj , c/ e K 
\jeJo J 

where Jq C J is a finite index set. Then 

iei jeJo 

where the elements Zj are also basis elements by hypothesis, which shows that every Zi 
which appears on the left hand side (i.e., Cj 7^ 0) equals a p-th power Zj appearing on the 
right hand side. □ 



We will show the existence of Frobenius-closed bases for algebraic function fields of 
transcendence degree 1 over a perfect field of characteristic p > 0, provided that K is 
relatively algebraically closed in F. We first prove the following: 

Lemma 26 // F is an algebraic function field of transcendence degree 1 over an alge- 
braically closed field K of arbitrary characteristic and q is an arbitrary natural number 
> 1, then there exists a basis of F\K which is closed under q-th powers. 

\{F = K{x) is a rational function field, then our lemma follows from the Peirtial Fraction 
Decomposition: Every element f & F has a unique representation 

n>0 aeKn>0 ^) 

where only finitely many of the coefficients c, c„, Ca,n £ K are nonzero. If we put 

1 _ 

ta — ) too — 

X — a 

then it follows that the elements 

1, with aeKU {00}, n e N 

form a K-basis of F; this basis has the property that every power of a basis element is 
again a basis element. 
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For general function fields the Partial Fraction Decomposition remains true in a modi- 
fied form (according to Helmut Hasse) that we shall describe now. At this point, we need 
the Riemann-Roch Theorem. In order to apply it, we have to introduce some notation. 
In what follows, we always assume that K is relatively algebraically closed in F. A di- 
visor ol F\K is an element of the (multiplicatively written) free abelian group generated 
by all places of F\K. (By a place of F\K we mean a place of F which is trivial on 
i.e., P\k = id. We identify equivalent places.) The places themselves are called prime 
divisors. A divisor may thus be written in the form 

p 

where the product is taken over all places oi F\K and the vpA are integers, only finitely 
many of them nonzero. The degree of a non-trivial place P oi F\K, denoted by deg P, 
is defined to be the degree [FP : K] (which is finite since F\K is an algebraic function 
field in one variable). Accordingly, the degree of a divisor A, denoted by deg A, is 
defined to be the integer Y^pVpA ■ dcgP. By the symbol "vp" we will also denote the 
valuation on F which is associated with the place P. Following the notation of [F-Jr], we 
set 

C{A) := {f eF\vpf> -vpA for all places P of F\K} 

is a i^-vector space. Indeed, G J^{A^) since vpO = oo > —vpA for all places P of F\K. 
Further, vp^K"") = {0}, hence Vc e : vp{cf ) = vpf for all P, so / G jC{A) implies 
cf e J0{A). Finally, ii f,g e J^{A), then vp{f - g) > Tim\{vpf,vpg} > -vpA for all P, 
hence f — g e JC{A). We write 

dim A := dimx C{A) . 

The divisor A determines bounds for the zero and pole orders of the algebraic functions 
in C{A). For example, if A = P" with n a natural number, then / G C{A) if and only if 
/ has no pole at all (in which case it is a constant function) or has a pole at P of pole 
order at most n — vpA. 

Theorem 27 (Riemann-Roch) 

Let F\K be an algebraic function field in one variable with K relatively algebraically closed 
in F. There exists a smallest non-negative integer g, called the genus of F\K , such that 

dim A > deg A — g + 1 

for all divisors A of F\K. Furthermore, 

dim A = deg A — g + 1 

whenever deg^ > 2g — 2. 
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For a proof, see [Dcu]. 

Let Poo be a fixed place of F\K and the ring of all / G -F which satisfy vpf > 
for every P ^ Pqo- The following is an application of the Riemann-Roch Theorem: 

Corollciry 28 For every P ^ Pqo there exists an element tp & F such that 

Vptp — —1 

VQtp > for Qy^P,P^. 

Proof: If we choose n G N as large as to satisfy ndegPoo > 2g — 2, then by the 
Riemann-Roch Theorem, 

dim(PP^) = degP + ndegPoo - ^ + 1 > ndegPoo - ^ + 1 = dimP^ . 

Hence there is an element tp E £(PP^)\£(P^). This element has the required properties. 

□ 

We return to the proof of our lemma, assuming that K is algebraically closed. Hence, 
K is the residue field of every place P of F\K (that is, deg P = 1). Every tp of the 
foregoing corollary is the inverse of a uniformizing parameter for P. Every f E F can 
be expanded P-adically with respect to such a uniformizing parameter, and the principal 
part appearing in this expansion has the form 

hp(f) = E '^P,ntp , 
n>0 

where only finitely many of the coefficients cp^„ G K are nonzero, namely n < —Vpf. 
By construction, tp has only a single pole ^ Poo and this pole is P; the same holds for 
hp{f) (if hp{f) 7^ 0). Consequently, 

h^f- E M/) 

has no pole other than P^ and is thus an element of R°°. We have shown that / has a 
unique representation 

/ = ^+ E E^P.n^P 

with coefficients cp^„ G X and an element h G R°°. This shows that the elements 

f^P with P ^Poo, neN 

form a X-basis of F modulo R°° which has the property that every power of a basis 
element is again a basis element. 
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Now it remains to show that R°° admits a basis which is closed under g-th powers. An 
integer n G N is called pole number of Poo if there exists tn G R°° such that vp^tn = —n. 
Let i^oo C N be the set of all pole numbers. Fixing a tn for every n G H^o ) get a 
X-basis 

1, tn with n G i^oo 

of R°°. To get a basis which is closed under q-ih powers, we have to carry out our choice 
as follows: 

Observe that is closed under addition; in particular 

gi^oo C i^oo ■ 

For every m G \ qH^o we choose an arbitrary element tm G with Vp^tm = —m. 
Every n G can uniquely be written as 

n — q^m where i/ > and m G i?oo \ ?-f^oo ■ 

Accordingly we put 
which implies 

'Vp^tn = q" ■ vp^tm = -q^m = -n . 
This construction produces a X-basis 

1, t^ with me qH^, i/ > 

of it!°°, which is closed under g-th powers. This concludes the proof of our lemma. 

For the generalization of this lemma to perfect ground fields of characteristic p > 

we have to choose q = p. 

Proof of Theorem 10: We have to prove: 

Let F be an algebraic function field of transcendence degree 1 over a perfect field K of 
characteristic p > 0. If K is relatively algebraically closed in F, then there exists a 
Frobenius- closed basis for F\K. 

If K is not algebraically closed, we have to modify the proof of the previous lemma since 
not every place P oi K has degree 1. (Such a modification is also necessary for the Partial 
Fraction Decomposition in K{x) if K is not algebraically closed.) The modification reads 
as follows: 

For every place P of let 

dp ^ deg P ^[FP : K] 

be the degree of P. For every P 7^ P^ we choose elements up^i G P°°, I < i < dp, such 
that their residues Mp,iP, up^dpP form a X-basis of FP. We note that for every > 0, 
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the p'^-th powers j of these elements have the same property: their P- residues also form 
a i^-basis of FP since K is perfect. 
We write every n e N in the form 

n — p^m with m e N, (p, m) = 1, > 

and observe that the elements 

u^p-fp with P ^ Poo, nen, l<i<dp 

form a Frobenius-closed i^-basis of F modulo 

It remains to construct a Frobenius-closed X-basis of R°° . This is done as follows: We 
consider the vector spaces 

Cn = C{P^) = {x e F I vp^x > -n and vp(x) > for P ^ P^} . 

By our assumption that K is relatively algebraically closed in F, we have Cq = K. 
Further, 

neN 

We set 

doo,n ■= dim £„/£„_! > 0. 

(Note that by the Riemann-Roch Theorem, doo,n = [FPoo '■ for large enough n; cf. the 
proof of the above corollary.) Now for n — 1,2,... we shall choose successively basis 
elements tn,i £ >C„ modulo Cn-i ■ Then the elements 

1, tn,i with neN, 1 < i < doo,n 

form a X-basis of R°°. To obtain that this basis is Frobenius-closed, we organize our 
choice as follows: 

If n = pm, the j9-th powers ^ G £„ are linearly independent modulo Cp(^rn-i) and 
even modulo Cpm-i = ^n-i- This fact follows from our hypothesis that K is perfect: the 
existence of nonzero elements Ci & K with J2citm,i ^ ^pm-i, i-e., vp^J^Cit^^i > —pm, 
would yield vp^^cj^tm,i > —m, hence > —m + 1, showing that Y,cy^^m,i £ ^m-i, 
which is a contradiction. In our choice of the elements tn,i we are thus free to take all the 
elements ^ and to extend this set to a basis of modulo £„_i by arbitrary further 
elements, if necessary (for n large enough, the elements ^ will already form such a 
basis) . This procedure guarantees that the p-th power of every basis element tm,i is again 
a basis element, namely equal to tpmj for suitable j. Hence a basis constructed in this 
way will be Frobenius-closed. □ 

Let F\K be an arbitrary extension of fields of characteristic p > 0. Both F and K 
are ir[</7]-modules, and so is the quotient module F/K . Suppose that F/K is a free 
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module. Then it admits a -ft'[v?]-basis. Let i^o C F be a set of representatives for 
such a i^[</3]-basis of F/ K. It follows that 

oo oo 

S = U < U {1} = U ^"^0 U {1} 
n=0 n=0 

is a set of generators of the if- vector space F. By our construction of B, every X-linear 
combination of elements of may be viewed as a /^[(^J-linear combination of elements 

of Bq . This shows that the elements of B are f^-linearly independent, and B is thus a 
Frobenius-closed basis of F\K. Note that Bq is the basis of a free /^[(^j-submodule M of 
F which satisfies F ^ M ® K . 

The converse to this procedure would mean to extract a ir[<^]-basis Bq from a Probenius- 
closed i^'-basis B. But Bq can only be found if for every clement h G there is some 

element 6o which is not a p-th. power in F and such that h = for some n £ N U {0} . 
This will hold if no clement oi F\K has a p"-th root for every n G N. 

Lemma 29 If F\K is an algebraic function field (of arbitrary transcendence degree), and 
if K is relatively algebraically closed in F, then no element of F\K has a p^-th root for 
every n G N. 

Proof: Let f E F \ K . Since K is relatively algebraically closed in F, we know that / 
is transcendental over K. So we may choose a transcendence basis T of F\K containing 
/. We may choose a K-rational valuation v on the rational function field K{7^ such that 
the values of all elements in T are rationally independent (cf., e.g., [Ku7]). This yields 
that vK{T) — 0jg7-Zvt. In particular, vf is not divisible by p in vK{T). Since F\K{T) 
is finite, the same is true for {vF : vK{T)) by the fundamental inequality (4). This yields 
that there is some n G N such that vf is not divisible by p"' in vF. Hence, / does not 
admit a p"-th root in F. □ 

This lemma shows that ii F\K is an algebraic function field with K relatively alge- 
braically closed in F, admitting a Probenius-closed basis B and if we let Bq be the set of all 
elements in B which do not admit a p-th root in F, then we obtain B = U^o -^o ^ {1}. 
Since the elements of B are i^-linearly independent, the elements of Bq are i^[y9]-linearly 
independent over K. Moreover, Bq is a set of generators of the i^T [93] -module F over K. 
Hence, the set Bq/K is a K[99]-basis ol F/K . We have thus proved: 

Proposition 30 Let F\K be an algebraic function fi,eld (of arbitrary transcendence de- 
gree), and K relatively algebraically closed in F . Then F admits a Frobenius-closed K- 
basis if and only if F/K is a free K[(p\-module. 

This lemma shows that Theorem 10 implies Theorem 11. 

Open Problem 9 Do Theorems 10 and 11 also hold for transcendence degree > 1? 



30 



Open Problem 10 Do Theorems 10 and 11 also hold if the assumption that K be perfect 
is replaced by the assumption that be separable? Note that if K is not perfect, then 
there exist places P of F\K such that FP\K is not separable, even if F\K is separable. 
In this case, the construction of the proof of Theorem 10 breaks down and it cannot be 
expected that there is a Frobenius-closed X-basis of F which is as "natural" as the ones 
produced by that construction. 

Exercise 3 Show that F/K cannot he a free K [ip]-modulc if K is not relatively algebraically closed in 
F. Does there exist an algebraic Geld extension which admits a Frobenius-closed basis? Prove a suitable 
version of Proposition 30 which does not use the assumption that K be relatively algebraically closed in 
F. 

6 G-modules and group complements 

In this section, we introduce some notions that we will need in the next section. Take any 
group G. For a E G, conjugation by a means the automorphism 

G 3 T ^ t" := a'^ra . 

Note that 

T^P ^ p-^a-Wap^ p-\T'')p^{T''y for all T, (7, p e G . (17) 

Further, we set t~'^ := {t'^Y (which indeed is the inverse of r'^). As usual, we set 
M'^ = {m"^ I m G M} for every subset M G G. A subgroup N is normal in G if and only 
if N"' — N for all a E G. We always have G" = G. Hence, if i/ is a group complement 
of the normal subgroup A'" in G, that is, 

HN = G and H n N = {1} , (18) 

then so is every conjugate H'^ for cr e G. Uniqueness up to conjugation would mean that 
these are the only group complements of in G. 

We shall now introduce two notions that will play an important role in Section 7. A 
right G-module is an arbitrary group A^ together with a mapping p from G into the 
group of automorphisms of N such that p{ap) = p{p) o p{a). For example, to every 
(T e G we may associate the conjugation by a; in view of (17), this turns G into a right 
G-module. In this setting, a subgroup A^ of G is normal if and only if it is a G-submodule 
of G. A mapping cf) from G into a G-module A" is called a twisted homomorphism (or 
crossed homomorphism) if it satisfies 

(f)(ap) = (t){(TY(t){p) for all (7, p e G . (19) 

As for a usual homomorphism, also the kernel of a twisted homomorphism is a subgroup 
of G, but it may not be normal in G. 
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Let us assume that H is a group complement of the normal subgroup N in G. It 
follows from (18) that every element a E G admits a unique representation 

(7 = cth^n with ajj & H , aj^ e N (20) 

Note that H is a system of representatives for the left cosets of G modulo N. Since N <lG, 
we have HN — NH, and H is also a system of representatives for the right cosets of G. 

Now assume in addition that is abelian. Then the scalar multiplication of the 
G-module given by conjugation reads as 

= Pn\Ph^(^Ph)Pn = P~h(^Ph = for all (T e , p e G (21) 

since and Ph^Ph elements of A^. According to (20) and (21) we write 

(jp = OhUj^PhPn = (^hPhPh'^^nPhPn = '^hPh'^nPn ■ 

Hence, the projection a i— )■ a^j onto the first factor in (20) is the canonical epimorphism 
from G onto H with kernel A^. The other projection a h- )■ cr^ is a twisted homomorphism 
from G onto N, satisfying 

(crp) ^ = ctnPn foi^ all cr, p e G ; (22) 
it induces the identity on A^", and its kernel is H. 

7 Field extensions generated by /^-polynomials 

In this section, let K he a field of characteristic p > 0. By a Galois extension 

we mean a normal and separable, but not necessarily finite algebraic extension. A field 
extension L\K is called ]>elementary extension if it is a finite Galois extension and its 
Galois group is an elementary-abelian p-group, that is, an abelian p-group in which every 
nonzero clement has order p. In particular, [L : K] is a. power of p. 

In this section, we will consider the following larger class of all extensions L\K which 
satisfy the following condition: 

there exists a Galois extension K'\K which is linearly disjoint from L\K, 
such that L.K'\K' is a p-elementary extension 
and also L.K'\K is a Galois extension. 

From the hnear disjointness it follows that GalL.K'\L ~ GalK'\K and that [L : K\ — 
[L.K' : K'] which yields that [L : K] = p"' for some natural number n. For a further 
investigation of this situation, we will use the following notation. We set 

L' := L.K' 
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and define 

• G:= Gal L'\K, 

• N :=GalL'\K' <G, 

• H :^GelL'\Lc^GalK'\K c^G/N . 

The group N is abelian of order p". Since K'\K is assumed to be a Galois extension, N is 
a normal subgroup of G. That is, N is a right G-module with scalar multiplication given 
by conjugation: 

(a, r) 1-^0-'^ = r~ Vr for all a G iV , r G G . 

Since L./C' = L' and L fl /T' = /T, we have that H (1 N = 1 and G = HN, that is, H is a 
group complement for N in G. As we have seen in the last section, every element a & G 
admits a unique representation (20). Since N is abelian, the scalar multiplication of the 
G-module N is given by (21). The projection o" i-> ctjy is a twisted homomorphism from 
G onto N, satisfying (22); it induces the identity on N, and its kernel is H. 

Lemma 31 // L\K satisfies condition (23) then w.l.o.g., the extension K'\K may as- 
sumed to he finite (which yields that also L'\K is finite). 

Proof: Suppose that K'\K is an arbitrary algebraic extension such that (23) holds. Let 
Nq := {t E G \ Va^ G : T~^aj^T = a^} be the subgroup of all automorphisms in G 
whose action on is trivial (i.e., A^o is the centralizer of A^ in G). Since A^ is abelian, it 
is contained in A^q ■ Consequently, the fixed field Kq of Nq in L' is contained in K' (which 
is the fixed field of A" in L' by definition of A^). Since A" is a normal subgroup of G, also 
its centralizer A'o is a normal subgroup of G, showing that Kq\K is a Galois extension. 
We set Ho := G/Nq. By our choice of A'o , the action of G on A^ induces an action of 
on A^ which is given by p~^a^p = T~^a^r for p = tNq G Hq . Consequently, Hq must be 
finite, being a group of automorphisms of the finite group A". This proves that Kq\K is 
a finite Galois extension with Galois group Hq . Recall that it follows from (23) that also 
L\K is finite. 

We claim that HClNo is a normal subgroup of G. Let r G HHNq and a G G; we want to 
show that r'^ G HCiNq. Write a = a^aj^ according to (20). Then r"" = <J]q^{(T^Ta^)aj^ ; 
since & H and A'q^G, we find that r' := aJj^Ta^ G HHNq. In particular, r' lies in the 
centralizer of A^. In view of cr^ G A" we obtain r"' — aj^^r'aj^ — u^^Gj^t' — t' E H f] Nq. 
We have proved that iffl A'o is a normal subgroup of G. With Lq the fixed field of HflNo 
in L', we hence obtain a Galois extension Lq\K. Since Lq — L.Kq, the extension Lo\K is 
finite. 

Finally, it remains to show that GalLol-f^o — Ga[L'\K' which also yields that Lo\Kq 
is p-elementary. Observe that HNq — G since it contains HN — G. Now we compute: 
GalLo|Ko = GalL'|A'o/GalL'|Lo = No/{HnNo) ~ H.Nq/H = G/H ~ A^ = Ga\ L'\K'. 
We have proved that condition (23) also holds with Kq , Lq in the place oi K' , L' . □ 



33 



In view of this lemma, we will assume in the sequel that all field extensions 
are finite. 

Like N, also the additive group (L', +) is a riglit G-module, tlie scalar multiplication 
given by 

(a, r) !->■ :— T~^a for all a e L' , r e G . 

Let us show: 

Lemma 32 There is an embedding : — > {L', +) of right G-modules. 

Proof: By the Normal Basis Theorem (cf. [L]), the finite Galois extension K'\K admits 
a normal basis. That is, there exists b & K' such that p G GalK'\K , is a basis of K' 
over K. Since if is a set of representatives in G for GelK'\K, we may represent these 
conjugates as b^, p E H. Let t/j : N ^ [K, +) be any homomorphism of groups (there is 
always at least the trivial one), and set 

^{^n) ■■= E ^{p^nP~') b' for all aj, e N . (24) 
pen 

Since is a group homomorphism from N into (L', +), the same is true for 0. Given t & G, 
we write r = r^r^ ; then fo^ = (6^ff)^jv = bf^n since b^''^ e K' and e N ^ GalL'|ir'. 
Observing also that H — Htjj and using (21), we compute: 

p&H 

which shows that is a homomorphism of right G-modules. 

Now we have to choose so well as to guarantee that becomes injective. If 4>{(Jn) = 
then '4>{paj^p~^) — for all p e if since by our choice of 6, the conjugates b^, p e H, 
are linearly independent over K. In particular, 0(o"^) = implies ip{crj\i) = 0. Hence, 
will be injective if we are able to choose ip to be injective. This is done as follows. The 
elementary-abelian p-group N may be viewed as a finite-dimensional Fp-vector space. 
If K is an infinite field (which by our general assumption has characteristic p), then it 
contains Fp- vector spaces of arbitrary finite dimension; so there exists an embedding ip of 
N into (K, +). If X is a finite field, then all finite extensions of K are cyclic, their Galois 
groups being generated by a suitable power of the Frobenius (p; consequently, must be 
cyclic. Since it is also elementary-abelian, N is isomorphic to Z/pZ which is the additive 
group of Fp C K. Hence also in this case, N admits an embedding ip into {K, +). □ 

By composition with 0, the twisted homomorphism o" i-> ctj^ is turned into a mapping 
(7 !->■ 0((7^) from G into (L', -|-). We shall write ^((j) instead of (t){(Tj^), thereby considering 
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the G-module homomorphism : N ^ (L', +) as being extended to : G — ?■ (L', +). 
By construction, the latter has kernel H and is injective on N. Further, it satisfies 
0(crr) = 0((crr)^) = (l){(rlfTf^) = <P{(TnY + ^('^iv) = 'Pi^^Y + ^(t) showing that is a 
twisted homomorphism in the following sense: 

^[ar) = (l){ay + (I){t) for aU a, r e G . (25) 

We claim that there exists an element -& e L' such that 

-d^ = 'd + (t){T) for all r e G . (26) 

Note that (26) determines •& up to addition of elements from K. (Indeed, satisfies the 
same equation if and only if {d — ify = d — d' , i.e., if and only ii d — d' & K.) 

The element d can be constructed as follows. We choose an element a E L' such that 
the trace s := Tyli\k{(i) = J2aeG = Sctgg is not zero (we have seen in the foregoing 
proof that such an element exists: we could choose a to be the generator of a normal basis 
of L'\K\ the linear independence will then force the trace to be nonzero). We set 

^:=-;E<^W«^- (27) 

* o-eG 

Given r e G, we have Gr — G and 
which we use to compute 

* aeG * aeG 

= --E0(<7r)a- + 0(r)-Ea- 

* aeG * aeG 

= -- E ^{<^V + <l>{r)- E = ^ + 0(t) . 

^ aeG ^ aeG 

This proves that ■& indeed satisfies (26). 

Remcirk 33 The additive analogue of Hilbert's Satz 90 (cf. [L] or [J], chapter 1, section 
15) says that H^(G, (L',+)) = 0. Since the twisted homomorphism : G — >■ {L',-\-) 
may be interpreted as a 1-cocycle, this implies that (j) splits, which indicates the existence 
of d. Replacing the twisted homomorphism (j) by an arbitrary 1-cocycle in our above 
computation provides a proof of this additive analogue. 
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Since H is the kernel of 0, (26) yields that H is the group of all automorphisms of L'\K 
which fix d. Since on the other hand, by definition of H = GalL'\L the fixed field of H 
in L' is L, we know from Galois theory that L — K((d). Let us now compute the minimal 
polynomial f oi •& over K. The group N may be viewed as a system of representatives 
for the left cosets of G modulo H. Consequently, the elements 'd'^, r & N, are precisely 
all conjugates of -d over K. So 

where 

A{X) := 1[{X-<I>{t)). 

The roots of A form the additive group <f){N). Since we have chosen (p to be injective, we 
have |0(iV)| = \N\ = deg^. By part a) of Corollary 23 it follows that A is an additive 
polynomial. In particular, 

f{X) = A{X - 7?) = A{X) - A{^) . 

Since f{X) e K[X], we have A{X) e K[X] and A(-&) E K. Since deg/ = deg^ = |A^| = 
[L : K] = '■ / is the minimal polynomial of •& over K. 

We have proved: 

Theorem 34 Let L\K he an eoctension which satisfies condition (23). Then there exist 
an additive polynomial A{X) G K[X] and an element G L such that L — K{'&) and 
A{X) — Aiy'd) G K[X] is the minimal polynomial of 'd over K. 

As an example, let us discuss an important special case. Let us assume that L\K is 
a Galois extension of degree p. Then its Galois group is just Z/pZ, and the extension 
is thus p-elementary. In the above setting, we may then choose K' = K which yields 
L' = L, G = N = Z/pZ and H = 1. The embedding : N — > [L', +) may be chosen 
"by hand" to be the most natural one: N — Z/pZ — (Fp, +) C (L', +). We obtain 

A{x) = n - ^) = - ^ 

since the latter is the unique polynomial of degree p which vanishes on all elements 
of Fp. The extension L|i^ is thus generated by the root of the polynomial f{X) — 
X^ — X — A{'d) which we call an Artin-Schreier polynomial. The extension is an 
Artin-Schreier extension. So we have shown: 

Theorem 35 Every Galois extension of degree p of a field of characteristic p > is an 
Artin-Schreier extension. 
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Inspired by this special case, we want to investigate whether we can get more infor- 
mation about the additive polynomial A if we strengthen the hypotheses. For instance, 
(j) may be injective even if ip is not. In our special case, N — Z/pZ was an irreducible 
G-module, that is, it did not admit any proper nonzero G-submodule. But if N is an 
irreducible G-module, then every G-modulc homomorphism can only have kernel or 
N, so if it does not vanish, then it is injective. For as defined in (24), we obtain 7^ 
if 7^ 0. So it will suffice to take ip : N ^ (Fp , +) as a nonzero (additive) character; it 
exists since N is a non-trivial p-group. With this choice of ip, we obtain 

Since the coefficients of the polynomial A are the elementary symmetric polynomials of 
the elements 0(t), r E N, they lie in the ring ¥p[pb \ p e H]. 

The condition that be an irreducible G-module has turned out to be of certain 
importance. It is satisfied in the following special case: 

Lemma 36 Assume that L\K is minimal with the property (23), that is, there is no proper 
non-trivial suhextension with the same property. Then N is an irreducible G-module. 

Proof: Assume that M is a G-submodule of N, that is, M is a normal subgroup of G. 
Then HM is a subgroup of G containing H . In view of the unique representation (20), we 
have HM = H ii and only if M = 1 and HM = G if and only if M = iV. Note that the 
fixed field L[ of M in L' is a Galois extension of K containing K'. Further, the fixed field 
Li of HM is contained in L, and it satisfies Li.K' = L[ since HM nN ^ M nN ^ M. 
Consequently, also Li\K has property (23). 

Suppose now that L\K is minimal with the property (23). Then Li = L or Li = K. 
Hence HM = H or HM ^ G, that is, M = 1 or M = A^, showing that the G-module 
is irreducible. □ 

We summarize our preceding discussion in the following 

Lemma 37 Assume that L\K is minimal with the property (23). If K'\K is infinite, we 
may replace it by a suitable finite subextension. For every b E K' generating a normal 
basis of K'\K, and for every nonzero additive character %l) : N — >■ (Fp, -|-), the G-module 
homomorphism (f) defined in (24) is injective. Moreover, the coefficients of the correpond- 
ing additive polynomial A{X) lie in the ring 

Kn¥p[pb \peH] . 

Exercise 4 Let chari^ = p > and L\K be an Artin-Schreier extension and d an Artin-Schreier 
generator of L\K, that is, L = K^d) and 'd^ — d Q K. Show that all other Artin-Schreier generators of 
L\K are of the form ii? -|- c with i s {1,2, . . . ,p — 1} and c € K. Can something similar be said in the 
setting of Theorem 34? (Hint: use the uniqueness statement following equation (26)). 
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8 Minimal purely wild extensions 



This section is devoted to the proof of Theorem 13 which shows the important connec- 
tion between purely wild (and in particular, immediate) extensions of henselian fields of 
positive characteristic and additive polynomials. 

Before we continue, we put together several facts from ramification theory that can 
be found in [En], [N] and [Kul2] or can be deduced easily from other facts (exercise 
for the reader). For a field L, we denote by L its algebraic closure and by GalL the 
absolute Galois group GalL|L of L. Recall that for a henselian field {K,v), denotes 
the ramification field of the extension [K^'^'^\K,v). 

Theorem 38 Let {K,v) be a henselian field and p the characteristic exponent of Kv. 
Then the following assertions hold: 

a) GalK'^ is a normal subgroup of Gal K and K'^\K is a Galois extension. 

b) Ga\.K^ is a pro-p-group, so the separable-algebraic closure of K is a p-extension of . 

c) The value group vK^ consists of all elements in the ordered divisible hull of vK whose 
order modulo vK is prime to p. The residue field K'v is the separable- algebraic closure 
ofKv. 

d) If vK^ — vK (we say that K'^\K is unramifiedj, then for every Galois subextension 
K'\K ofK'^lK, we have GalK'\K ~ GalK'v\Kv. 

e) Every finite extension {K2\Ki,v) , where K C Ki C K2 , is defectless. 

f) If L is an algebraic extension of K, then U = L.K^, and the extensions {L^\K'^,v) 
and {L\K,v) have the same defect. 

g) If {L,v) is an immediate henselian extension of{K,v), not necessarily algebraic, then 

Let (i^, v) be a henselian field which is not tame and thus admits purely wild extensions 
(see Theorem 14). Theorem 13 will follow from Theorem 34 if we are able to show that 
every minimal purely wild extension L\K satisfies condition (23) which is the hypothesis 
the latter theorem. As a natural candidate for an extension K'\K which is Galois and 
linearly disjoint from L\K^ wc can take the extension K^\K. By part f) of Theorem 38 
we know that L.K^ = U . We set 

• g:=Ga\K, 

• M :— GalX'', which is a normal subgroup of G and a pro-p-group, 

• "H := GalL, which is a maximal proper subgroup of Q since L\K is a minimal non- 
trivial extension, and which satisfies M.l-L — Q since K'^\K is linearly disjoint from L\K 

• V ■.= M^H = Ga[L.K'- = Ga].U . 

The next lemma examines this group theoretical situation. 

Lemma 39 Let Q be a profinite group with maximal proper subgroup l-i. Assume that the 
non-trivial pro-p-group M is a normal subgroup ofQ not contained in %. Then T> — AfnT-L 
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is a normal subgroup of Q and the finite factor group M /T) is an elementary- ahelian p- 
group. Further, J\f /V is an irreducible right Q /V -module. 

Proof: By the maximality of T-L, we have "HA/" = Q. Since A/" ^ "H, we have that V is 
a proper subgroup of A/". Since every maximal proper subgroup of a profinite group is of 
finite index, we have that (A/" : V) = {Q : Ti) is finite. Observe that V is "H-invariant 
(which means that — V for every a E H). This is true since M <\Q and % are %- 
invariant. Assume that £ is an 7{-invariant subgroup of H containing T>. Then T-LS is a 
subgroup of Q containing l-i. From the maximahty of l-i it follows that either T-LE = T-t or 
T-LS = Q, whence either £ = T> oi £ = M (this argument is as in the proof of Lemma 36). 
We have proved that P is a maximal "H-invariant subgroup of A/". 

Now let $(A/') be the Prattini subgroup of A/", i.e., the intersection of all maximal 
open subgroups of H. Since V ^ J\f, we can pick some maximal proper subgroup of Af 
containing V, and since it also contains $(A/'), it follows that V^{M) ^ Af. Being a 
characteristic subgroup of A/", the Frattini subgroup $(A/') is "H- invariant like A/". Conse- 
quently, also the group V^{J\f) is "H- invariant. From the maximality of V we deduce that 
V^J\f) = V, showing that 

$(A^) C V . 

On the other hand, the factor group A/"/ $(A/') is a (possibly infinite dimensional) Fp- vector 
space (cf. [R-Zal], part (b) of Lemma 2.8.7). In view of $(A/') C T>, this yields that also 
D is a normal subgroup of Af and that also Af/V is an elementary-abelian p-group. Since 
V is ?^-invariant, V <Af implies that 

v<nAf^g . 

As a normal subgroup of Af is a ^y-module, and in view of V <\Q it follows that Af I'D 
is a ^/P- module. If it were reducible then there would exist a proper subgroup £ oi Af 
such that £ /T> is a non-trivial ^/I>- module. But then, £ must be a normal subgroup of 
Q properly containing P; in particular, £ would be a proper "H-invariant subgroup of A/", 
in contradiction to the maximality of P. □ 

This lemma shows that L'''\K is Galois and U = L.K^ is a finite p-elementary extension 
of . Hence L\K satisfies (23) with K' = . We apply Theorem 34 to obtain an 
additive polynomial A{X) e K[X] and an element E L such that L — K{'d) and that 
A{X) — A{'&) is the minimal polynomial of i? over K. Since Ll^T is a minimal purely 
wild extension by our assumption, it is in particular minimal with property (23) and thus 
satisfies the hypothesis of Lemma 37. Hence, the extension K^'\K can be replaced by a 
finite subextension K'\K, and A{X) may be chosen such that its coefficients lie in the 
ring K f] ¥p[pb \ p G H], where b is the generator of a normal basis of K'\K. Since vK 
is cofinal in vK — vK, we may choose some c E K such that vcb > 0. Since {K, v) is 
hensehan by assumption, it follows that va{cb) — vcb > for all a e GalK. On the other 
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hand, cb is still the generator of a normal basis of K'\K. So we may replace b by cb, which 
yields that K fl ¥p[pb \ p & H] G Ok and consequently, that A{X) G 0/^[X]. 

Now assume in addition that {K\k,v) is an immediate extension of henselian fields. 
Then we may infer from part g) of Theorem 38 that K'^ — k'^.K . So the Galois extension 
K' of K is the compositum of K with a suitable Galois extension k' of k. In this case, b 
may be chosen to be already the generator of a normal basis of k' over k] it will then also 
be the generator of a normal basis of K' over K. With this choice of 6, we obtain that 
the ring K n ¥p[pb \ p E H] is contained in K n k' = k, whence A{X) e Let us 

summarize what we have proved; the following theorem will imply Theorem 13. 

Theorem 40 Let {K, v) be a henselian field and {L\K, v) a minimal purely wild extension. 
Then U\K is a Galois extension and U\K^ is a p-elementary extension. Hence, L\K 
satisfies condition (23), and there exist an additive polynomial A{X) G and an 

element G L such that L — K{'&) and that A{X) — A^ff) is the minimal polynomial of '& 
over K . If {K\k,v) is an immediate extension of henselian fields, then A{X) may already 
be chosen in Ok[X]. 

Let us conclude this section by discussing the following special case. Assume that the 
value group vK is divisible by all primes p. Then by part c) of Theorem K^\K is 
an unramified extension. Consequently by part d) of Theorem 38, GalK'\K ~ GdXK'\K 
and we may choose the element b such that b is the generator of a normal basis of K'\K. 
It follows that the residue mapping is injective on the ring Fp[p6 \ p & H] and thus, also 
the mapping r i-^ 0(t) is injective. In this case, we obtain that 

A{X) ^ -[{{X -W)) 
has no multiple roots and is thus separable. 

9 p-closed fields 

This section is devoted to the proofs of the two theorems that deal with p-closed fields of 
positive characteristic. 

Proof of Theorem 5: We have to prove that 

A field K isp-closed if and only if it does not admit any finite extensions of degree divisible 
by p. 

: Assume that K does not admit any finite extensions of degree divisible by p. Take 
any p-polynomial / G -ft'i^]- Write f = A + c where A G K[X] is an additive polynomial. 
Let h be an irreducible factor of /; by hypothesis, it has a degree d not divisible by p. Fix 
a root 6 of /i in the algebraic closure K of K. All roots of / are of the form 6 + Oj where 
the ajS are roots of A. By part a) of Corollary 23 the roots of ^ in X form an additive 
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group. The sum of the roots of h lies in K. This gives ns db + s G K, where s is a sum 
of a subset of the a^s and is therefore again a root of A. Likewise, d^^s is a root of A (as 
d is not divisible by p, it is invertible in K). Then b + d~^s — d~^{db + s) is a root of /, 
and it hes in as required. 

"=^" : (This part of the proof is due to David Leep.) Assume that K is p-closed. Since 

K is perfect, it suffices to take a Galois extension of degree n and show that p does 
not divide n. By the normal basis theorem there is a basis bi, ... ,bn of L\K where the 6jS 
are the roots of some irreducible polynomial over K. Since they are linearly independent 
over K, their trace is non-zero. The elements 

are linearly dependent over K since [L : K] — n. Therefore there exist elements 
do, ... , dn-i, e & K such that the p-polynomial 

f{X) = 4-1^^'"' + ... + doX + e 

has bi as a root. It follows that all the 6jS are roots of /. Thus the elements 62 ~ 
bi, . . . ,bn — bi are roots of the additive polynomial f{X) — e. Since these n — 1 roots 
are linearly independent over K, they are also linearly independent over the prime field 
¥p . This implies that the additive group G generated by the elements b2 — bi, . . . ,bn — bi 
contains p^~^ distinct elements, which therefore must be precisely the roots of f{X) — e. 
So G + 61 is the set of roots of /. By hypothesis, one of these roots hes in K; call it 
There exist integers m2, . . . , m„ such that 

1? = 777,2(62 - &i) + ••■ + mn{bn - bi) + bi . 

In this equation take the trace from L to K. The elements 61, .... 6„ all have the same 
trace; hence the trace of every mj(6j — 61) is 0. It follows that the trace ni? of i9 is equal 
to the trace of bi ; as we have remarked already, this trace is non-zero. Hence 7^ 0, 
which shows that n is not divisible by p. □ 

Proof of Theorem 6: Wc have to prove: 

A henselian valued field of characteristic p > is p-closed if and only if it is an alge- 
braically maximal Kaplansky field. 

We will use Theorem 5 throughout the proof without further mention. Assume first that 
{K, v) is hensehan and that K is p-closed. Since every finite extension of the residue field 
Kv can be lifted to an extension of K of the same degree, it follows that Kv is p-closed. 
Likewise, if the value group vK were not p-divisible, then K would admit an extension 
of degree p; this shows that vK is p-divisible. We have thus proved that {K, v) is a 
Kaplansky field. Since the degree of every finite extension of K is prime to p, it follows 
that {K, v) is defectless, hence algebraically maximal. 
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For the converse, assume that {K, v) is an algebraically maximal Kaplansky field. Since 
the henselization is an immediate algebraic extension, it follows that {K, v) is henselian. 
By Theorem 14, there exists a field complement W of in K. As vK is p-divisible and 
Kv is p-closed, hence perfect, the same theorem shows that W is an immediate extension 
of K. Hence W = K, which shows that = K. So every finite extension L\K is a 
subextension of K'^\K and is therefore defectless; that is, [L : K] = {vL : vK)[Lv : Kv]. 
As the right hand side is not divisible by p, {K, v) being a Kaplansky field, we find that 
p does not divide [L : K]. By Theorem 5, this proves that K is p-closed. □ 
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